The leader-following consensus problem for delayed multiagent systems is investigated over stochastic switching topologies via impulsive control method. A distributed consensus protocol is proposed based on sample data information. The convergence analysis for such algorithm over undirected and directed networks is provided, and some sufficient conditions to guarantee the consensus are also established. It is shown that delayed networks can achieve consensus even information is exchanged among followers just at some discrete moments. At last, some numerical examples are given to illustrate the effectiveness of the proposed protocols.
Introduction
Recently, there has been an increasing attention in the consensus problems of multiagent systems because of their wide applications in many fields such as flocking [1, 2] , mobile sensor networks [3] , cooperative control [4] , and formation control [5] . Both discrete-time consensus model [1, [6] [7] [8] and continuous-time consensus model [9] [10] [11] [12] [13] [14] are studied. For example, Vicsek et al. first proposed a discretetime model for multiagent systems [6] . Then, Jadbabaie et al. [7] and Savkin [8] successfully gave explanations of Vicsek's model, respectively. Based on algebraic graph theory, Olfati-Saber and Murray showed that the average-consensus problems can be solved if the directed network topology is strongly connected and balanced [9] . Further, Ren and Beard extended [9] and proved that consensus can be achieved if and only if the network topology has a spanning tree [10] .
As we know, in the real world, especially in neural processing and signal transmission, time delay has to be taken into consideration [15] . Because time delay may cause unexpected dynamical behaviors such as oscillation and instability [11] . In [9] , Olfati-Saber and Murray considered consensus with fixed communication delay and derived the bound of delay as well as a necessary and sufficient condition to guarantee the consensus. In [12, 13] , Lee and Spong and Lu et al. considered consensus problem with nonuniform time-delays, respectively, and proved that the first-order multiagent system can realize consensus asymptotically for any fixed and finite time delays. In [14] , Liu et al. defined a new concept of consensus in order to investigate consensus of multiagent systems with unbounded time-varying delays.
It should be noticed that in practical life, some biological and physical systems are characterized by abrupt changes of states at some time instants [16] . These phenomena are usually regarded as impulsive effects of communication links among agents [17] . Impulsive effects exist due to unreliable communication links [18] . Inspired by the impulsive phenomena, some effective impulsive methods are applied into different models [17, [19] [20] [21] [22] [23] [24] . In [19] , impulsive effect is studied for fuzzy delayed systems through the Takagi-Sugeno model and some criteria for stability are derived by virtue of the Razumikhin technique. Li et al. investigated synchronization of coupled delayed neural networks via impulsive control [20] . Recently, Zhang and Jiang addressed synchronization problem for nonlinear discrete chaotic systems with impulsive effects [21] . Zhou et al. studied impulsive synchronization of coupled harmonic oscillators over fixed and switching topology, respectively [17] . Wu et al. proposed an average consensus protocol to study a delayed multiagent system with control inputs missing [22] . Guan et al. investigated impulsive consensus seeking in directed network topology [23] . It should be noticed that impulsive control has some advantages compared with continuous control. For example, it is flexible, energy-saving, and cost-saving. What is more, it has been proved that the impulsive control approach is effective and robust [21] .
To the best of our knowledge, the leader-following consensus problem is becoming more and more popular recently [25] [26] [27] [28] [29] [30] [31] [32] . The leader's motion is independent, whereas the followers' motion is influenced by the leader and its neighbors. Therefore, in order to stabilize a multiagent system, we can control the leader (some leaders) instead of all the agents in a system. This helps to save energy and reduce control cost [25] . Moreover, it is shown that the leaderfollowing configuration can also enhance the communication and orientation of the flock [26] . In [27] , Hong et al. gave a scheme to track a leader by studying a consensus problem over undirected networks with switching topology. Hu and Hong derived some conditions to guarantee leader-following consensus for delayed multiagent system over fixed and switching topologies, respectively [28] . Song et al. proposed a pinning control protocol for nonlinear multiagent systems with double integrator and addressed what kind of agents and how many agents should be pinned [29] . Recently, quasiconsensus of second-order multiagent systems with a leader was studied by Wang and Cao [30] . A finite-time consensus protocol for multiagent networks was discussed by Yang et al. from a new perspective [31] . -matrix strategies are designed by Song et al. to pin a second-order nonlinear multiagent system [32] .
Motivated by the aforementioned works, we study leaderfollowing consensus of delayed multiagent systems via impulsive control and propose a protocol based on sampled data information. Compared with pure discrete-time or pure continuous-time model, this problem is more complicated. The analysis becomes difficult if the time delay is timevarying and the topology is switching. We analyse this problem by virtue of algebraic graph theory, the Lyapunov control approach, and generalized Halanay inequality. The contribution of this paper is threefold. First, we propose a more practical protocol by considering communication delay, impulsive effect, and leader-following configuration. Second, without assuming that the interaction graph is strongly connected (connected) or balanced, or has a directed spanning tree, we study this problem over general network topologies. Third, we generalize the works of [9, 10] and show advantages such as time-saving and cost-saving via simulation compared with the works of [9, 10, 22, 23] .
The paper is organized as follows. Section 2 presents some preliminaries. The leader-following consensus protocol via impulsive control is analyzed in Section 3. Some simulation results are provided in Section 4. Finally, conclusions are given in Section 5. and ( − ) exist and (
Preliminaries
Matrix dimensions are assumed to be compatible for algebraic operations.
Graph Theory.
We use a graph to describe the information exchange among agents in a multiagent system. Let ( , , ) be a weighted directed network of order , with the set of nodes = {1, 2, . . . , }, the set of directed edges ⊂ × , and a weighted adjacency matrix = [ ] ∈ R × with nonnegative adjacency elements [9] . The element of is defined as > 0 if ( , ) ∈ ; otherwise, = 0 for all ̸ = , which means that if node can receive information from node , then > 0, and we suppose that = 0 for all ∈ [10] . If = > 0; that is, is a symmetric matrix, we call the corresponding graph of as undirected graph. Note that the undirected graphs are special cases of directed graph.
A path from node to in directed (undirected) graph is a sequence of edges ( , 1 ), ( 1 , 2 ), . . . , ( , ) with distinct nodes ( = 1, . . . , ) [34] . If there is a path between any pair of distinct nodes of a graph, we call this graph strongly connected. In a directed graph, we say the graph has a directed spanning tree if there exists at least one node called root which has a directed path to all the other nodes [29] . Moreover, if a graph has such root labeled 0, we say that the node 0 is globally reachable in . This condition is much weaker than strong connectedness [28] . The neighbor set of node is defined by = { ∈ | ( , ) ∈ }. The Laplacian matrix of weighted graph is defined by = [ ] ∈ R × , where
In this paper, we suppose that all the interconnection graphs have a globally reachable node 0.
Model Description.
Many people studied the first-order consensus protocol as follows [9, 10] :
For example, Olfati-Saber and Murray studied this protocol over undirected networks with constant time delay and fixed topology and suggested that the network topology and the designed protocol are very important to the performance and the communication cost [9] . In this paper, we consider Mathematical Problems in Engineering 3 a group of + 1 agents, including one leader and identical followers (or agents if no confusion arises) and propose the following impulsive leader-following consensus protocol:
where : [0, ∞) → Γ = {1, . . . , } is a switching signal that determines the network topology at = . We define two graphs: a graph that is formed only by followers and a graph̃that is formed by a leader and followers. Let = {̃1, . . . ,̃} denote the set of all possible interconnection graphs with a common node set = {0, 1, 2, . . . , }. Then the communication topology is a subset of . Denote the set = { 1 , . . . , } with a common node set̂= {1, 2, . . . , }. Obviously is a part of̃( ∈ Γ). The time sequence { } satisfies 0 = 0 < 1 < ⋅ ⋅ ⋅ < < ⋅ ⋅ ⋅ , lim → ∞ = ∞. Let ∈ R be the value of the th agent, which may represent physical quantities such as position, temperature, and voltage [9] . ( ) is the Dirac impulsive function, which indicates that the states of (2) have jumps at . We suppose that ( ) is a continuously differentiable function satisfying 0 < ( ) ≤ , ( −1) ( ) = 0. The dynamics of the leader are described as follows:
where 0 ∈ R is the value of the leader. Obviously, the motion of the leader is independent of followers. Without loss of generality, we suppose that = 1, and thus using the properties of Dirac impulsive function, the system (2) can be rewritten aṡ
where
represents the Laplacian matrix of graph ( ) , and is defined by
(5) Let ( ) = ( ) − 1 ⊗ 0 ( ); thus, we can rewrite system (4) aṡ(
Remark 1. Recently, many works studied consensus problem, and most of the network topologies are assumed to be connected (strong connected) or have a spanning tree [9, 10, 22, 23] . In this paper, we focus on the leader-following consensus of delayed multiagent systems with impulsive effects over a general network topology. For example, for a group of migratory birds, neither all the birds can receive information from the leader, nor can the birds communicate information all the time [35] . We suppose that only a few birds can obtain the leader's information. Each bird only communicates with its neighbors at a series of discrete time with time delay and updates its states in a manner of impulse jumps. So system (4) can be regarded as hybrid system.
Convergence Analysis
In this section, we will give convergence analysis of this problem over undirected and directed networks, respectively. From the system (2), we know that information is exchanged among followers only at some discrete moments. So in the time interval [ − ( ), ], we suppose that the frequency of information exchange among followers is , and the states of the system (2) have jumps at − +1 , − +2 , . . . , .
Undirected Networks over Switching Topology
Theorem 2. Suppose that every communication topology in has a globally reachable node 0. If there exists a constant > 0, such that for all ∈ N, the following condition is satisfied:
And (⋅) represents the minimal positive eigenvalue of ( ) . 
That is,
where ( ) and ( ) ( = 1, 2 , . . . , ) represent the th eigenvalues of ( ) and
Then, we have
So we can obtain
Then, we can get
Since ( ) is positive semidefined, let the minimal positive eigenvalue of ( ) be ( ( ) ); then the eigenvalues of ( ) can be ordered as 0 = 1 ( [36] . So for = 1, . . . , − 1, from (10), we can obtain
For = , . . . , , let = max ∈ (max − ≤ ≤ −1 ( ) ), and let be the maximum of the time delays; then from (15) and using the inequality
, we can obtain that
Combine with (16) and (17); from the above proof, we can obtain
where , are defined in Theorem 2; then according to Lemma 1 in [33] , the system (2) achieves consensus globally exponentially. That completes the proof of Theorem 2.
Directed Networks over Switching Topology

Theorem 3. Suppose that node 0 is globally reachable in every communication topology of . If there exists a constant > 0,
such that for all ∈ N, the following condition is satisfied:
where Δ = sup ∈N { +1 − }, is a constant and > 0, 0 = 1, 0 = 0, and (⋅) and (⋅) represent the minimal positive eigenvalue of ( ) and ( )⊤ ( ) , respectively. Then the system (2) achieves consensus globally exponentially.
Proof. Suppose that in the time interval [ − ( ), ], the frequency of information exchange is ; then
Thus, we have
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Now we rewrite the system (6) aṡ
Define the Lyapunov function as
Since ( ) and ( )⊤ ( ) are positive semidefined, denote the minimal positive eigenvalues of [36] . If = , it then follows from (23) and using the inequality ⊤ + ⊤ ≤ ⊤ + −1 ⊤ that we can obtain
Then from the above proof, we can obtain
where , are defined in Theorem 3; then according to Lemma 1 in [33] , consensus of the system (2) is achieved globally exponentially. That completes the proof of Theorem 3. the system (2). Therefore, for a delayed dynamical network to achieve consensus, we need to adjust the topology structure, the time delay, and the interval of information exchanging so that the condition of Theorem 2 (Theorem 3) is satisfied. In the next section, we will explain this point through numerical simulations.
Remark 5. In this paper, only sufficient condition is derived; that is, the system (2) can achieve consensus although the condition (7) or condition (19) may fail. Theorem 2 is only used for undirected network topology, where both undirected and directed network topology can be dealt with by Theorem 3, yet we will show that Theorem 2 is more suitable than Theorem 3 to handle the undirected graphs in the next section.
Remark 6. In [9] , Olfati-Saber and Murray defined the communication or sensing cost of the topology ( , , ).
In this paper, we give a similar definition of the average communication cost of switching topology ( ) ( , , ) in a multiagent system as follows [9] :
s.t. system achieve consensus at a given time,
where ( ) is an element of weighted adjacency matrix ( ) of a network topology ( ) at and denotes the total number of all interconnection graphs. Here we only give some discussions about cost through simulations and take the directed network with switching topology, for example, in the next section. We will show some advantages such as time-saving and energy-saving of our proposed algorithm. (1) studied by [9, 10] , (e)-(f) are figures of the models studied by [22, 23] . Remark 7. Wu et al. [22] and Guan et al. [23] investigated impulsive consensus problems without a leader for multiagent systems. As we know, in some cases, the coupled network is required to reach some prescribed consensus value, for example, 0 . Unlike [22, 23] , we can drive the system to achieve the required consensus value by controlling a leader. Moreover, our model shows a faster convergence and lesser cost than the models of Wu and Guan via simulation in the next section.
Simulations
In this section, we provide simulations to illustrate the effectiveness and advantages of the proposed algorithms. Obviously, from Figure 1 , we can see that graphs Figures 1(a)-1(d) formed by followers do not have a spanning tree. But for all network communication topologies studied by our model, node 0 is globally reachable. We suppose that the leader's position described by (3) is 0 = 1.
Undirected Networks over Switching Topology.
In this simulation, the interaction topology switches randomly every 0.1 s among {̃1,̃2} as shown in Figure 1 . We suppose that − −1 ≡ Δ = 0.05, ( ) = 0.07 + 0.03 cos( ) with the maximum time delay = 0.1. And we stochastically choose initial values in [−5, 5] . Choosing the parameters = 0.03, = 2, = 0.5, to satisfy condition (7) of Theorem 2, Figure 2 (a) indicates that the system (2) achieves consensus globally exponentially. By Theorem 3, use the same parameters = 0.03, = 2, but there does not exist > 0 to satisfy condition (19) . Then we need to make the maximum time-delay smaller, for example, = 0.04 < Δ , to satisfy condition (19) . So we say that Theorem 2 is more suitable for undirected networks, as discussed in Remark 5. Figure 2 (b) implies that the condition of Theorem 2 is a sufficient condition but not necessary (the parameters = 0.07, = 3.3 dissatisfy the condition (7)).
Directed Networks over Switching Topology.
In this simulation, the interaction topology switches randomly every 0.1 s among {̃3,̃4} as shown in Figure 1 . We suppose that − Figure 3(a) shows that the system (2) achieves consensus globally exponentially. Figure 3(b) illustrates that we only derive a sufficient condition, as discussed in Remark 5 (the parameters = 0.1, = 2.5 dissatisfied (19) of Theorem 3).
Performance and Cost of Our Model via Simulation.
In this section, we address advantages of our model via simulation as discussed in Remarks 6 and 7. Suppose that the system achieves consensus at exactly three seconds according to (27) ; then system (2) have the communication cost = 4.48, where the system (1) studied by [9, 10] requires more cost ( = 6.8) to achieve consensus as shown in Figure 3 (c).
Then we say our proposed protocol is energy-saving and costsaving as discussed in Remark 6. Figure 3(d) suggests that the system (1) needs more time ( = 160 s) to achieve consensus if the parameters chosen are the same ( = 0.04, ( ) = 0.06 + 0.01 sin( )) as those in Figure 3 (a). So we say our proposed protocol is time-saving as discussed in Remark 6. Compared with [22, 23] , we introduce a leader in a delayed multiagent system, and we can drive the system to any desired consensus value by controlling a leader. Figures 3(e) and 3(f) show that the model studied by works of [22, 23] needs more time ( = 7 s when parameters chosen are the same as Figure 3(a) ) and more cost ( = 5 according to (27) ) than system (2).
Conclusion
In this paper, we study leader-following consensus problem of delayed multiagent systems with impulsive effects over a general network topology and propose a protocol based on sample data information. Some sufficient conditions are obtained to guarantee that the followers converge to the leader globally exponentially. We show that under this impulsive protocol, the delayed networks can achieve consensus even the followers exchange information with each other only at some discrete moments. Some simulations are given to verify the effectiveness of the theoretical results. The timesaving and energy-saving of the protocol are also shown via simulations.
